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Abstract
We construct the covariant κ-symmetric superstring action for a type IIB su-
perstring on AdS5 ⊗ S5 background. The action is defined as a 2d σ-model on
the coset superspace SU(2,2|4)SO(4,1)×SO(5) and is shown to be the unique one that has the
correct bosonic and flat space limits.
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1 Introduction
After the construction of IIB supergravity (motivated by the development of superstring
theory) [1, 2, 3] it was immediately realized that in addition to the flat ten-dimensional
space R1,9 this theory allows AdS5 ⊗ S5 (+ self-dual 5-form background) as another
maximally supersymmetric ‘vacuum’ [2]. Some aspects of this compactification on S5
were studied in [4, 5, 6] (this led to the construction of N = 8 gauged supergravity in 5
dimensions which describes the ‘massless’ modes [7]). In particular, it was understood [4]
that the Kaluza-Klein modes fall into unitary irreducible representations ofN = 8, D = 5
anti de Sitter supergroup SU(2, 2|4) (which is the same as the N = 4 superconformal
group in 4 dimensions [8]). The supergroup SU(2, 2|4) (with the even part SU(2, 2) ⊗
SU(4) ≃ SO(4, 2) ⊗ SO(6) which is the isometry of the AdS5 ⊗ S5 space) thus plays
here the same central role as does the Poincare supergroup in the flat vacuum.
Motivated by the recent duality conjecture between the type IIB string theory on
AdS5 ⊗ S5 background and N = 4, D = 4 Super Yang-Mills theory [9]–[13], one would
like to study the corresponding string theory directly, using the world-sheet methods.
This may allow to prove that AdS5 ⊗ S5 space is an exact string solution, define the
corresponding the 2d conformal theory, find the spectrum of string states, etc.
Since the AdS5⊗S5 space is supported by the Ramond-Ramond 5-form background,
the NSR approach does not seem to apply in a straightforward way (while the non-local
RR vertex operator is known in the flat space [14], it is most likely not sufficient to
determine the complete form of the NSR string action when the space-time metric is
curved).
The manifestly supersymmetric Green-Schwarz (GS) approach [15] seems a more ade-
quate one when the RR fields are non-vanishing. While the formal superspace expression
for the GS superstring action in a generic type IIB background (satisfying the super-
gravity equations of motion to guarantee the κ-invariance of the string action [16]) was
presented in [17] (see also [18]), it is not very practical for finding the explicit form of
the action in terms of the coordinate fields (x, θ): given a particular bosonic background,
one is first to determine explicitly the corresponding D = 10 type IIB superfields which
is a complicated problem not solved so far in any non-trivial case.1
The remarkable (super)symmetry of the AdS5 ⊗ S5 background suggests that here
one should apply an alternative approach which explicitly uses the special properties of
this vacuum. Our aim below will be to find the counterpart of the covariant GS action
in flat space for the type IIB string propagating in AdS5 ⊗ S5 spacetime by starting
directly with the supergroup SU(2, 2|4) and constructing a κ-symmetric 2d σ-model on
the coset superspace SU(2,2|4)
SO(4,1)⊗SO(5) . The method is conceptually the same as used in [21]
to reproduce the flat-space GS action as a WZW-type σ-model on the coset superspace
(D = 10 super Poincare group/Lorentz group SO(9, 1)).
In Section 2 we shall describe the structure of the superalgebra su(2, 2|4) and define
the invariant Cartan 1-forms LA on the coset superspace (x, θ).2
1In fact, the only known example of a covariant GS action in a curved RR background was recently
constructed in [19] (in the case of a non-supersymmetric IIA magnetic 7-brane background) using an
indirect method based on starting with the known supermembrane action [20] in flat D = 11 space.
2For some applications of the formalism of the Cartan forms on coset superspaces see [22]–[26].
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In Section 3 we shall present the covariant AdS5 ⊗ S5 superstring action in the
coordinate-free form, i.e. in terms of the Cartan 1-forms LA on the superspace. As
in the flat space case [15, 21] it is given by the sum the ‘kinetic’ or ‘Nambu’ term (2d
integral of the quadratic term in LA) plus a Wess-Zumino type term (3d integral of a
closed 3-form H on the superspace), with the coefficient of the WZ term fixed uniquely
by the requirement of κ-symmetry. In the zero-curvature (infinite radius) limit the action
reduces to the standard flat space GS action [15, 21].
In Section 4 we shall find the explicit 2d form of the action by choosing a specific
parametrization of the Cartan 1-forms in terms of the fermionic coordinates θ. The re-
sulting action may be viewed as the unique maximally-supersymmetric and κ-symmetric
extension of the bosonic string sigma model with AdS5 ⊗ S5 as a target space. It is
given by a ‘covariantization’ of the flat-space GS action plus terms containing higher
powers of θ. Though we explicitly present only the θ4 term, it is very likely that after
an appropriate κ-symmetry gauge choice the full action will be determined by the θ2
and θ4 terms only.3
Some properties of the resulting string theory will be briefly discussed in Section 5.
The string action depends on generalised ‘supersymmetric’ spinor covariant derivative
and thus contains the expected coupling (∂x∂xθ¯γ...γθ eφF...) to the RR background.
Since the action is uniquely determined by the SU(2, 2|4) symmetry, its classical 2d
conformal invariance should survive at the quantum level: as in the WZW model case,
the symmetries of the action prohibit any deformation of its structure (provided, of
course, the regularisation scheme preserves these symmetries). The central role played
by SU(2, 2|4) implies that not only the ‘supergravity’ (marginal) but also all ‘massive’
string vertex operators will belong to its representations.
In Appendix A we shall introduce explicit parametrisation of the coset superspace
and define the corresponding Cartan superconnections. In Appendix B we shall explain
the procedure to compute the expansion of the supervielbeins in powers of θ which is
used to determine higher-order terms in the component 2d string action.
2 su(2, 2|4) superalgebra
Our staring point is the supergroup SU(2, 2|4). Since the string we are interested
in propagates on the coset superspace SU(2,2|4)
SO(4,1)⊗SO(5) with the even part being AdS5 ⊗
S5 = SO(4,2)
SO(4,1)
⊗ SO(6)
SO(5)
we shall present the corresponding superalgebra su(2, 2|4) in the
so(4, 1)⊕ so(5) (or ‘5+5’) basis. The even generators are then two pairs of translations
and rotations – (Pa, Jab) for AdS5 and (Pa′ , Ja′b′) for S
5 and the odd generators are the
two D = 10 Majorana-Weyl spinors Qαα
′
I .
3Such truncation of a complicated covariant GS action to O(θ4) expression was found to happen
after choice of the light-cone gauge γ+θ = 0 in the case of a curved RR background considered in [19].
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2.1 Notation
In what follows we use the following convention for indices:
a, b, c = 0, 1, . . . , 4 so(4, 1) vector indices (AdS5 tangent space)
a′, b′, c′ = 5, . . . , 9 so(5) vector indices (S5 tangent space)
aˆ, bˆ, cˆ = 0, 1, . . . , 9 combination of (a, a′), (b, b′), (c, c′) (D = 10 vector indices)
α, β, γ, δ = 1, . . . , 4 so(4, 1) spinor indices (AdS5)
α′, β ′, γ′, δ′ = 1, . . . , 4 so(5) spinor indices (S5)
αˆ, βˆ, γˆ = 1, . . . , 32 D = 10 MW spinor indices
I, J,K, L = 1, 2 labels of the two sets of spinors
Similarly, µˆ = (µ, µ′) will denote the coordinate indices of AdS5⊗S5. The generators of
the so(4, 1) and so(5) Clifford algebras are 4× 4 matrices γa and γa′
γ(aγb) = ηab = (−++++) , γ(a′γb′) = ηa′b′ = (+ + +++) .
It will be useful to define also the ten 4× 4 matrices γˆaˆ
γˆa ≡ γa , γˆa′ ≡ iγa′ . (2.1)
We shall assume that (γa)† = γ0γaγ0 , (γa
′
)† = γa
′
and that the Majorana condition is
diagonal with respect to the two supercharges
Q¯αα′I ≡ (Qββ
′
I )
†(γ0)βαδ
β′
α′ = −Qββ
′
I CβαCβ′α′ . (2.2)
Here C = (Cαβ) and C
′ = (Cα′β′) are the charge conjugation matrices4 of the so(4, 1)
and so(5) Clifford algebras which are used to raise and lower spinor indices, e.g., Qαα′I ≡
Qββ
′
I CβαCβ′α′. The bosonic generators will be assumed to be antihermitean: P
†
a =
−Pa , P †a′ = −Pa′ , J†ab = −Jab , J†a′b′ = −Ja′b′. We shall use the 2×2 matrices ǫIJ =
−ǫJI , ǫ12 = 1, and sIJ ≡ diag(1,−1) to contract the indices I = 1, 2.5 Unless otherwise
stated, we shall always assume the summation rule over the repeated indices (irrespective
of their position).
The 10-dimensional 32 × 32 Dirac matrices Γaˆ of SO(9, 1) (Γ(aˆΓbˆ) = ηaˆbˆ) and the
corresponding charge conjugation matrix C can be represented as
Γa = γa ⊗ I ⊗ σ1 , Γa′ = I ⊗ γa′ ⊗ σ2 , C = C ⊗ C ′ ⊗ iσ2 , (2.3)
4To simplify the notation, we shall put primes on matrices and generators to distinguish between
the objects corresponding to the two factors (AdS5 and S
5) only in the cases when they do not carry
explicit (primed) indices.
5As in the flat space case [15, 21], sIJ will appear in the WZ term of the GS action, indicating the
breakdown of the formal U(1) symmetry between the two Majorana-Weyl spinors of the same chirality,
which a symmetry of the type IIB superfield supergravity [3] but is broken in perturbative string theory,
e.g., is absent in the action of the superstring in a type IIB supergravity background [17].
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where I is the 4 × 4 unit matrix and σi are the Pauli matrices. Note that Cγa1...an are
symmetric (antisymmetrc) for n = 2, 3 mod 4 (n = 0, 1 mod 4). The same properties
are valid for C ′γa
′
1
...a′n .
A D = 10 positive chirality 32-component spinor Ψ is decomposed as follows: Ψ =
ψ ⊗ ψ′ ⊗
(
1
0
)
(16-component spinors θI and LI below will correspond to 32-component
spinors of positive chirality). The Majorana condition Ψ¯ ≡ Ψ†Γ0 = ΨTC then takes
the same form as in (2.2) but with sign plus (for a negative chirality spinor ∼
(
0
1
)
the Majorana condition is the same as in (2.2)). A useful formula which explains the
10-dimensional origin of some of the expressions below is
K aˆΨ¯1Γ
aˆΨ2 = K
aχ¯1γ
aχ2 + iK
a′χ¯1γ
a′χ2 , (2.4)
where Ψn (n = 1, 2) are the D = 10 Majorana-Weyl spinors of positive chirality, χn =
ψn⊗ψ′n, and K aˆ is a 10-vector. Here (and in similar expressions below) γa and γa′ stand
for γa ⊗ I and I ⊗ γa′ .
2.2 Commutation relations
The commutation relations for the generators TA = (Pa, Pa′ , Jab, Ja′b′ , Qαα′I) are
6
[Pa, Pb] = Jab , [Pa′ , Pb′] = −Ja′b′ ,
[Pa, Jbc] = ηabPc − ηacPb , [Pa′ , Jb′c′] = ηa′b′Pc′ − ηa′c′Pb′ ,
[Jab, Jcd] = ηbcJad + 3 terms , [Ja′b′, Jc′d′ ] = ηb′c′Ja′d′ + 3 terms ,
[QI , Pa] = − i
2
ǫIJQJγa , [QI , Pa′ ] =
1
2
ǫIJQJγa′ ,
[QI , Jab] = −1
2
QIγab , [QI , Ja′b′ ] = −1
2
QIγa′b′ , (2.5)
{Qαα′I , Qββ′J} = δIJ
[
− 2iCα′β′(Cγa)αβPa + 2Cαβ(C ′γa′)α′β′Pa′
]
+ ǫIJ
[
Cα′β′(Cγ
ab)αβJab − Cαβ(C ′γa′b′)α′β′Ja′b′
]
.
The curvature (radius R) parameter of AdS5 ⊗ S5 space can be introduced by rescaling
the generators Pa → RPa, Pa′ → RPa′ , J → J, QI →
√
RQI . Then the limit R → ∞
gives the subalgebra of D = 10 type IIB Poincare superalgebra.7
6Because of the presence of ǫIJ some of the anticommutators are not diagonal with respect to the
supercharges. This is related to the standard choice of diagonal Majorana condition (2). By obvious
redefinitions we could make the commutation relations diagonal with respect two the supercharges but
this would lead to a non-diagonal Majorana condition.
7The Poincare superalgebra contains the generators Jaa′ which are absent in su(2, 2|4): the
SO(2, 4) ⊗ SO(6) isometry of AdS5 ⊗ S5 leads in the limit R → ∞ only to a subgroup of SO(9, 1)
(times translations). While the AdS5 ⊗ S5 background has maximal number 32 of Killing spinors, it
does not have maximal number 55 of Killing vectors in 10 dimensions (the dimension of SO(2, 4)⊗SO(6)
is 30).
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2.3 Cartan 1-forms
To find the the super-invariant and κ-invariant string action we will use the formalism
of Cartan forms defined on the coset superspace. The left-invariant Cartan 1-forms
LA = dXMLAM , X
M = (x, θ)
are given by
G−1dG = LATA ≡ LaPa + La′Pa′ + 1
2
LabJab +
1
2
La
′b′Ja′b′ + L
αα′IQαα′I , (2.6)
where G = G(x, θ) is a coset representative in SU(2, 2|4). A specific choice of G(x, θ)
which we shall use in Section 4 is described in Appendix A.
La and La
′
are the 5-beins, Lαα
′I are the two spinor 16-beins and Lab and La
′b′ are the
Cartan connections. They satisfy the Maurer-Cartan equations implied by the structure
of the su(2, 2|4) superalgebra
dLa = −Lb ∧ Lba − iL¯Iγa ∧ LI , dLa′ = −Lb′ ∧ Lb′a′ + L¯Iγa′ ∧ LI , (2.7)
dLab = −La ∧ Lb − Lac ∧ Lcb + ǫIJ L¯Iγab ∧ LJ , (2.8)
dLa
′b′ = La
′ ∧ Lb′ − La′c′ ∧ Lc′b′ − ǫIJ L¯Iγa′b′ ∧ LJ , (2.9)
dL
I
= − i
2
γaǫ
IJ
L
J ∧ La + 1
2
ǫ
IJ
γa
′
L
J ∧ La′ + 1
4
γabL
I ∧ Lab + 1
4
γa
′b′L
I ∧ La′b′ . (2.10)
The rescaling of the generators which restores the scale parameter R of AdS5 ⊗ S5
corresponds to La → R−1La, La′ → R−1La′ , Lab → Lab, La′b′ → La′b′ , LI → R−1/2LI .
For comparison, let us note that in the flat superspace case
G(x, θ) = exp(xaˆPaˆ + θ
IQI) , [Paˆ, Pbˆ] = 0 , {QI , QJ} = −2iδIJ(CΓaˆ)Paˆ , (2.11)
and thus the coset space vielbeins in G−1dG = LATA are given by
Laˆ0 = dx
aˆ − iθ¯IΓaˆdθI , LI0 = dθI . (2.12)
3 Superstring action as
SU(2,2|4)
SO(4,1)⊗SO(5) superspace sigma
model
Our aim below will be to construct the superstring action that satisfies the following
conditions (some of which are not completely independent):
(a) its bosonic part is the standard σ-model with the AdS5 ⊗ S5 as a target space;
(b) it has global SU(2, 2|4) super-invariance;
(c) it is invariant under local κ-symmetry;
(d) it reduces to the standard Green-Schwarz type IIB superstring action
in the flat-space (R→∞) limit.
We shall find that such action exists and is unique. Its leading θ2 fermionic term will
contain the required coupling to the RR 5-form field background. This is, of course,
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expected as the κ-symmetry implies the satisfaction of the IIB supergravity equations
of motion [17] but the unique supergravity solution with the metric of AdS5 ⊗ S5 has a
non-trivial F5 background (F5 ∼ ǫ5 in each of the two factors).
It is useful to recall that the flat-space GS superstring action may be written in the
manifestly supersymmetric form in terms of the 1-forms (2.12) as a sum of the ‘kinetic’
term and a WZ term (integral of a closed 3-form) [21]8
I0 = −1
2
∫
∂M3
d2σ
√
g gij Laˆ0iL
aˆ
0j + i
∫
M3
sIJLaˆ0 ∧ L¯I0Γaˆ ∧ LJ0 , (3.1)
where sIJ is defined by s11 = −s22 = 1, s12 = s21 = 0 and the string tension is set to
be 1
2piα′
= 1. gij (i, j = 0, 1) is a world-sheet metric with signature (−+) (g = −detgij).
The coefficient of the WZ term is fixed by the condition of local κ-invariance [15]. Using
(2.12) one observes that the 3-form in the WZ term is exact and thus finds the explicit
2d form of the GS action [15]
I0 =
∫
d2σ L0 =
∫
d2σ
[
− 1
2
√
ggij(∂ix
aˆ − iθ¯IΓaˆ∂iθI)(∂jxaˆ − iθ¯JΓaˆ∂jθJ)
− iǫijsIJ θ¯IΓaˆ∂jθJ(∂ixaˆ − 1
2
iθ¯KΓaˆ∂iθ
K)
]
, (3.2)
in which the ǫij-term is invariant under global supersymmetry only up to a total deriva-
tive. The action we shall find below is the generalisation of (3.2) to the case when the
free bosonic ∂ixaˆ∂ix
aˆ term is replaced by the σ-model on the AdS5 ⊗ S5 space.
3.1 General structure of the action
As the flat-space action, the action for the type IIB superstring propagating in AdS5⊗S5
space-time will be given by a sum of the ‘σ-model’ term Ikin and a WZ term IWZ which
is the integral of a closed 3-form H over a 3-space M3 which has the world-sheet as its
boundary,
I = Ikin + IWZ , IWZ = i
∫
M3
H , dH = 0 . (3.3)
To satisfy the condition of SU(2, 2|4) invariance both Ikin and H should be constructed
in terms of the Cartan 1-forms LA. The basic observation is that under the action of
an arbitrary element of the isometry group the vielbeins transform as tangent vectors of
the stability subgroup. Thus any invariant of the stability subgroup (SO(4, 1)⊗ SO(5)
in the present case) constructed in terms of LA will be automatically invariant under the
full isometry group (SU(2, 2)|4), i.e. SO(4, 2)⊗ SO(6) and supersymmetry).
8This action may be compared with the standard bosonic WZW action on a group manifold: in a
similar notation, if G−1dG = LATA, tr(TATB) = cAB, tr(TA[TB, TC ]) = fABC , then [27]
IWZW = k
[∫
∂M3
d2σ
√
ggijcABL
A
i L
B
j +
1
6
i
∫
M3
fABCL
A ∧ LB ∧ LC
]
.
6
The structure of Ikin is then fixed unambiguously by the conditions (a) and (b)
Ikin = −1
2
∫
d2σ
√
g gij LaˆiL
aˆ
j . (3.4)
Here the repeated indices are contracted with ηaˆbˆ = (ηab, ηa′b′) and L
A
i = ∂iX
MLAM are
the induced components of the supervielbein.
The only relevant 3-forms built out of LA which are invariant under SO(4, 1)⊗SO(5)
are given by the following linear combination (k, k′ are free parameters)
HI = k La ∧ L¯Iγa ∧ LI + k′ La′ ∧ L¯Iγa′ ∧ LI , I = 1, 2 . (3.5)
Here we do not sum over the repeated indices I. Using the Maurer-Cartan equations,
one finds (no summation over I)
d(La ∧ L¯Iγa ∧ LI) = ǫIJLa ∧ La′ ∧ L¯Iγaγa′ ∧ LJ − iL¯Iγa ∧ LI ∧ L¯Jγa ∧ LJ
− iǫIJLa ∧ Lb ∧ L¯Iγab ∧ LJ , (3.6)
d(La
′ ∧ L¯Iγa′ ∧ LI) = iǫIJLa ∧ La′ ∧ L¯Iγaγa′ ∧ LJ + L¯Iγa′ ∧ LI ∧ L¯Jγa′ ∧ LJ
+ ǫIJLa
′ ∧ Lb′ ∧ L¯Iγa′b′ ∧ LJ , (3.7)
so that to cancel the terms in dHI which are given by the first terms in the r.h.s of
(3.6),(3.7) we are to put k′ = ik. Then
HI = k (La ∧ L¯Iγa ∧ LI + iLa′ ∧ L¯Iγa′ ∧ LI) , I = 1, 2 (3.8)
dHI = −ik (L¯Iγa ∧ LI ∧ L¯Jγa ∧ LJ − L¯Iγa′ ∧ LI ∧ L¯Jγa′ ∧ LJ)
− ik ǫIJ(La ∧ Lb ∧ L¯IγabLJ − La′ ∧ Lb′ ∧ L¯Iγa′b′ ∧ LJ) . (3.9)
It is easily verified that the only possibility to obtain a closed 3-form is to consider
H ≡ H1 −H2 . (3.10)
To prove this one uses the Fierz identity (Cγa)αδ(Cγ
a)γβ = 2(CαβCγδ − CαγCβδ) for
SO(4, 1) and L¯1γab ∧ L2 = −L¯2γab ∧ L1 and similar relations for SO(5) part.9
In the flat-space limit H reduces to the 3-form in the GS action (3.1). As in flat
space, the value of the overall coefficient k in H is fixed to be 1 by the requirement
of κ-symmetry of the whole action (which is proved in the next subsection). The final
expression for the action written in the SU(2, 2|4) invariant form in terms of the vielbeins
La, La
′
and LI thus has the same structure as the GS action (3.1)
I = −1
2
∫
∂M3
d2σ
√
g gijLaˆiL
aˆ
j + i
∫
M3
sIJLaˆ ∧ L¯I γˆaˆ ∧ LJ , (3.11)
9Let us note that the first line in the expression (3.9) can be rewritten in terms of ten-dimensional
spinors and Γ-matrices only, and, as in the flat-space case [15, 21], the fact that dH = 0 is a consequence
of the famous identity for the D = 10 Dirac matrices Γaˆ
αˆ(βˆ
Γaˆγˆσˆ) = 0 (first line in (3.9)) and the relation
L¯1γab ∧ L2 = −L¯2γab ∧ L1 (second line in (3.9)).
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or, explicitly,
I = −1
2
∫
∂M3
d2σ
√
g gij(LaiL
a
j +L
a′
i L
a′
j ) + i
∫
M3
sIJ(La ∧ L¯Iγa ∧LJ + iLa′ ∧ L¯Iγa′ ∧LJ) ,
(3.12)
and, indeed, reduces to (3.1) in the flat-space limit.
Since the 3-form H is closed, in a local coordinate system it can be represented as
H = dB; then the action takes the usual 2d σ-model form which will be considered in
Section 4.
3.2 Invariance under κ-symmetry and equations of motion
The action (3.12) is invariant with respect to the local κ-transformations [28, 15] which
is useful to write down in terms of δxa ≡ δXMLaM , δxa′ ≡ δXMLa′M , δθI ≡ δXMLIM
δκx
a = 0 , δκx
a′ = 0 , δκθ
I = 2(Lai γ
a − iLa′i γa
′
)κiI , (3.13)
δκ(
√
ggij) = −16i√g(P jk− L¯1kκi1 + P jk+ L¯2kκi2) . (3.14)
Here P ij± ≡ 12(gij± 1√g ǫij) , and 16-component spinor κiI (the corresponding 32-component
spinor has opposite chirality to that of θ) satisfy the (anti) self duality constraints
P ij− κ
1
j = κ
i1 , P ij+ κ
2
j = κ
i2 , (3.15)
which can be rewritten as 1√
g
ǫijκ1j = −κi1, 1√g ǫijκ2j = κi2. To demonstrate κ-invariance
one uses the following expressions for the variations of the Cartan 1-forms:
δLa = dδxa + Labδxb + Lbδxba + 2iL¯IγaδθI ,
δLa
′
= dδxa
′
+ La
′b′δxb
′
+ Lb
′
δxb
′a′ − 2L¯Iγa′δθI ,
δLI = dδθI +
i
2
ǫIJ(δxaγa + iδxa
′
γa
′
)LJ − i
2
ǫIJ(Laγa + iLa
′
γa
′
)δθJ
− 1
4
(δxabγab + δxa
′b′γa
′b′)LI +
1
4
(Labγab + La
′b′γa
′b′)δθI ,
where δxab ≡ δXMLabM , δxa′b′ ≡ δXMLa′b′M . The crucial relation that allows one to check
the κ-invariance of the action (and also to obtain the equations of motion) directly in
terms of the coordinate-invariant Cartan forms is
δH = dΛ , Λ ≡ Λ1 − Λ2 , (3.16)
ΛI ≡ L¯Iγa ∧ LIδxa + 2La ∧ L¯IγaδθI + iL¯Iγa′ ∧ LIδxa′ + 2iLa′ ∧ L¯Iγa′δθI . (3.17)
The equations of motion that follow from the action (3.12) are
√
ggij(∇iLaj + Labi Lbj) + iǫijsIJ L¯Ii γaLJj = 0 , (3.18)
√
ggij(∇iLa′j + La
′b′
i L
b′
j )− ǫijsIJ L¯Ii γa
′
LJj = 0 , (3.19)
(γaLai + iγ
a′La
′
i )(
√
ggijδIJ − ǫijsIJ)LJj = 0 , (3.20)
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where ∇i is the gij-covariant derivative. These relations should be supplemented by the
standard constraint
LaiL
a
j + L
a′
i L
a′
j =
1
2
gijg
kl(LakL
a
l + L
a′
k L
a′
l ) , (3.21)
following from the variation of the action over gij.
Note that like the ‘2d+3d’ form (3.12) of the action (but not its 2d form discussed
in the next Section, cf. (3.2)), the equations of motion admit a manifestly covariant
representation in terms of the Cartan 1-forms. There is a certain similarity with the
equations of motion of the WZW model. In the conformal gauge
√
ggij = ηij these
equations (like in the case of the σ-model on G/H space) imply the existence of dim
G conserved currents. The ‘chirality’ (presence of ǫij-terms) of the above equations has
purely fermionic nature. More direct analogy with the WZW model may be possible
after certain bosonisation of the fermionic degrees of freedom.
4 Explicit 2-dimensional form of the action
To find the explicit form of the action in terms of the coordinate 2d field θ which gener-
alises (3.2) we are to choose a particular parametrization of the coset representative G
in (2.6):
G(x, θ) = g(x)g(θ) , g(θ) = exp(θIQI) . (4.1)
Here g(x) is a coset representative of [SO(4, 2) ⊗ SO(6)]/[SO(4, 1)⊗ SO(5)], i.e. x =
(xµ, xµ
′
) provides a certain parametrization of AdS5 ⊗ S5 which we will not need to
specify in what follows.
To represent the WZ term in (3.3),(3.11) as an integral over the 2-dimensional space
we use the standard trick of rescaling θ → θt ≡ tθ,
IWZ = IWZ(t = 1) , IWZ(t) = i
∫
M3
Ht , Ht = H(θt) . (4.2)
Then (3.16) implies
∂tIWZ(t) = i
∫
∂M3
∂tΛ , ∂tΛ = −2sIJLaˆt θ¯I γˆaˆLJt , (4.3)
where LAt ≡ LA(θt). We have used (3.17) and that ∂tθt = θ and ∂txaˆ = 0. Thus
IWZ = −2i
∫ 1
0
dt
∫
d2σ ǫijsIJLaˆitθ¯
I γˆaˆLJjt . (4.4)
Eq. (4.4) together with equations from Appendices A and B provide a setup for a
systematic calculation of the action I (3.12) as an expansion in powers of θ.
The expansions of the Cartan 1-forms are given by (see Appendix B, cf. (2.12))
La = ea − iθ¯IγaDθI + 1
12
iǫIJ(θ¯IθJ θ¯KγaDθK − θ¯Iγaγa′θJ θ¯Kγa′DθK)
+
1
24
iǫKL(−θ¯IγabcθI θ¯KγbcDθL + θ¯Iγaγb′c′θI θ¯Kγb′c′DθL) + ... , (4.5)
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La
′
= ea
′
+ θ¯Iγa
′
DθI +
1
12
ǫIJ(θ¯IθJ θ¯Kγa
′
DθK − θ¯Iγaγa′θJ θ¯KγaDθK)
+
1
24
ǫKL(−θ¯Iγa′b′c′θI θ¯Kγb′c′DθL + θ¯Iγa′γbcθI θ¯KγbcDθL) + ... , (4.6)
LI = DθI +
1
6
ǫIJ(−γaθJ θ¯KγaDθK + γa′θJ θ¯Kγa′DθK)
+
1
12
ǫKL(γabθI θ¯KγabDθL − γa′b′θI θ¯Kγa′b′DθL) + ... , (4.7)
where ea, ea
′
, ωab, ωa
′b′ are 5-beins and Lorentz connections of AdS5 and S
5, and the
generalised spinor covariant differential DθI is defined by10
DθI ≡ DIJθJ , DIJDJK = 0 , (4.8)
DIJ ≡ δIJD− 1
2
iǫIJeaˆγˆaˆ = δIJ
[
d+
1
4
(ωabγab+ωa
′b′γa
′b′)
]
− 1
2
iǫIJ(eaγa+ iea
′
γa
′
) . (4.9)
The θ2 and θ4 terms in IWZ are determined by
∂2tΛ|t=0 = −2eaˆ ∧ sIJ θ¯I γˆaˆDθJ , (4.10)
∂4t Λ|t=0 = −24iθ¯1γˆaˆDθ1 ∧ θ¯2γˆaˆDθ2 − 2eaˆ ∧ sIJ θ¯I γˆaˆ∂3tLJt |t=0
= −24iθ¯1γˆaˆDθ1 ∧ θ¯2γˆaˆDθ2 + 4ea ∧ θ¯1γabθ2θ¯IγbDθI − 4iea′ ∧ θ¯1γa′b′θ2θ¯Iγb′DθI
+ sIJǫKLea ∧ (−θ¯IγabcθJ θ¯KγbcDθL + θ¯Iγaγb′c′θJ θ¯Kγb′c′DθL)
+ isIJǫKLea
′ ∧ (θ¯Iγa′b′c′θJ θ¯Kγb′c′DθL − θ¯Iγa′γbcθJ θ¯KγbcDθL) .
Using these expressions we find the following result for the action (3.12)
I =
∫
d2σ L , L = L1 + L2 +O(θ6) , (4.11)
where L1 is essentially a ‘covariantisation’ of the flat-space GS Lagrangian, i.e. it has the
same structure as L0 in (3.2) but with ∂iθ → Diθ and 5-beins contracting target-space
indices
L1 = −1
2
√
ggij(eaˆi − iθ¯I γˆaˆDiθI)(eaˆj − iθ¯I γˆaˆDjθI)
− iǫijeaˆi (θ¯1γˆaˆDjθ1 − θ¯2γˆaˆDjθ2) + ǫij θ¯1γˆaˆDiθ1θ¯2γˆaˆDjθ2 , (4.12)
where
eaˆi = (e
a
i , e
a′
i ) , e
a
i ≡ eaµ(x)∂ixµ , ea
′
i ≡ ea
′
µ′(x
′)∂ixµ
′
. (4.13)
The additional θ4 term L2 is given by
L2 = L2kin + L2WZ , (4.14)
10The remarkable D2 = 0 property (see Appendix A) is the condition of integrability of the Killing
spinor equation Dµǫ
I = 0.
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L2kin = 1
24
√
ggij
(
ieai
[
2ǫIJ(−θ¯IθJ θ¯KγaDjθK + θ¯Iγaγa′θJ θ¯Kγa′DjθK)
+ ǫKL(θ¯IγabcθI θ¯KγbcDjθ
L − θ¯Iγaγb′c′θI θ¯Kγb′c′DjθL)
]
+ ea
′
i
[
2ǫIJ(−θ¯IθJ θ¯Kγa′DjθK + θ¯Iγaγa′θJ θ¯KγaDjθK)
+ ǫKL(θ¯Iγa
′b′c′θI θ¯Kγb
′c′Djθ
L − θ¯Iγa′γbcθI θ¯KγbcDjθL)
])
,
L2WZ = 1
24
ǫij
[
4(ieai θ¯
1γabθ2θ¯IγbDjθ
I + ea
′
i θ¯
1γa
′b′θ2θ¯Iγb
′
Djθ
I)
+ isIJǫKLeai (−θ¯IγabcθJ θ¯KγbcDjθL + θ¯Iγaγb
′c′θJ θ¯Kγb
′c′Djθ
L)
+ sIJǫKLea
′
i (−θ¯Iγa
′b′c′θJ θ¯Kγb
′c′Djθ
L + θ¯Iγa
′
γbcθJ θ¯KγbcDjθ
L)
]
.
We have not determined explicitly the θ6 terms in I (this is, in principle, straightforward
using the method explained above), but it is likely that after an appropriate κ-symmetry
gauge choice the expression for the action will contain only θ4 terms at most, i.e. the
full action will be given by L1 + L2 presented above.
5 Some properties of the action
The presence of the ‘mass’ term linear in γaˆ in the covariant derivative D (4.9) may
be interpreted as being due to a non-trivial self-dual 5-form background and is directly
connected with the global supersymmetry of the action. Essentially the same derivative
Dµˆ = ∂µˆ +
1
4
ωaˆbˆµˆ Γaˆbˆ + cΓ
µˆ1...µˆ5Γµˆ e
φFµˆ1...µˆ5 appears in the Killing spinor equation of type
IIB supergravity (see, e.g., [29]).
The leading-order coupling to the RR background field ∂xλˆ∂xνˆ θ¯ΓλˆΓ
µˆ1...µˆ5Γνˆθ e
φFµˆ1...µˆ5
is, indeed, contained in the eaˆθ¯γaˆDθ term in (4.12)11
L1(θ2) = i(√ggijδIJ − ǫijsIJ)eaˆi θ¯IγaˆDiθJ
→ ... + 1
2
(
√
ggijδIK − ǫijsIK)ǫKJeaˆµˆebˆνˆ∂ixµˆ∂jxνˆ θ¯Iγaˆγ bˆθJ . (5.1)
The presence of terms of higher orders in θ reflect the curved nature of the background
metric.
The uniqueness of the action which is completely fixed by the requirement of SU(2, 2|4)
supersymmetry suggests, by analogy with the WZW model, that it defines an exact
2d conformal field theory in which non-conformal-invariance of the bosonic coset space
AdS5⊗S5 σ-model is compensated by contributions from the fermionic terms. The fact
that the action contains no free parameters (except for the radius of the background)
11Note that γa1...a5 = iǫa1...a5 , γa
′
1...a
′
5 = ǫa
′
1...a
′
5 , and (F5)AdS5 = Qǫ5, (F5)S5 = Qǫ5, where Q is
related to the RR charge. Also, eφ = gs =const and the radius R ∼ (gsQ)1/4 is set equal to 1.
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that can be renormalised implies that the corresponding AdS5⊗S5 + 5-form background
should be an exact string solution. In general, the global symmetry implies that only
the coefficients in front of the ‘kinetic’ and WZ terms in (3.11) may be renormalised.
However, the analogy with WZW model suggests that global (super)symmetry should
prohibit renormalisation of the coefficient in front of the WZ term (which is manifestly
supersymmetric when written in the global 3d form).12 But then the local κ-symmetry
relating the two terms in (3.11) should imply that the coefficient of the ‘kinetic’ term is
also not renormalised,13 i.e. that (3.11) is a conformal model. The remaining question
is why its central charge is not shifted from its flat-space value. Possible corrections to
the dilaton β-function are proportional to invariants constructed from curvature and F5
and are constant in the given background. The crucial point is that the leading-order
correction vanishes since R = (F5)
2 = 0 because of the cancellation between the AdS5
and S5 contributions. Higher-order corrections should vanish in a special ‘κ-symmetric’
scheme.14
The absence of both perturbative and non-perturbative [32] string corrections to this
vacuum (see also [33]) may be related to the 32 fermionic zero modes associated with the
global supersymmetry of the action (implying, as in flat space, the existence of certain
non-renormalisation theorems).
One may check the conformal invariance directly by a one-loop calculation (using
a ‘quantum’ κ-symmetry ‘light-cone’ gauge Γ+θ = 0 as in [34]). It is fairly clear that
the RR coupling (5.1) will produce an extra F 25 contribution to the renormalisation of
the (∂x)2 term in the action, leading to the required conformal invariance condition
(supergravity equation of motion) Rµˆνˆ ∼ eφ(F 25 )µˆνˆ .
Since the action we constructed has manifest SU(2, 2|4) symmetry, the string spec-
trum should be classified by representations of this supergroup. In particular, the
marginal vertex operators should be in one-to-one correspondence with the unitary ir-
reducible representations of SU(2, 2|4) associated [4] with the modes of type IIB super-
gravity on AdS5 ⊗ S5.
Some basic features of this relation can be seen directly from the main L1 (4.12) part
of the action. Here we make only qualitative comments to indicate some implications
of the presence of the RR background on the conditions on vertex operators. Let us
formally ignore the curvature of the background and fix the l.c. gauge: x+ ∼ τ, Γ+θ =
0. One can then show that the presence of the above RR vertex (5.1) induces the
mass term in the equation of conformal invariance for the graviton perturbation (2 +
2)hµν = 0 (this is directly related to the computation of the 1-loop β-function mentioned
above). The coupling term for the RR 2-form perturbation H˜ together with the 5-form
12This is related to the fact that the coefficients in the 3-formH in (3.8),(3.10) are covariantly constant
(recall that the contributions to the β-function of the Bmn-coupling in the standard bosonic sigma model
always involve derivatives of H = dB).
13In the WZW model case similar fact is effectively related (via the Polyakov-Wiegmann identity) to
the existence of on-shell conserved chiral currents and associated affine symmetry [27, 30].
14The situation should be similar to that in the case of the NS-NS AdS3 ⊗ S3 background described
by supersymmetric SL(2, R)× SU(2) WZW model (with both factors having the same level k). In this
case [31] the non-trivial part of the central charge is c = 3k+k+−2 +
3k−
k−+2
= (3+ 2k )+(3− 2k ) = 6, where the
leading-order correction cancels between the two factors and the shifts of the levels k+ = k+2, k− = k−2
(implying the absence of all higher-order corrections) take place in a special supersymmetric scheme.
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background term (5.1) contained in the action are represented by ∂xµ∂xλθ¯γµγρσθH˜ρσλ+
∂xµ∂xν θ¯γµγνθ, or, in the l.c. gauge, by θ¯γ−γijθH˜jk+ + ∂xiθ¯γiγ−θ (i, j, k = 1, 2, 3).
The resulting additional contribution to the NS-NS 2-form β-function is proportional to
H˜jk+∂x
i < (θ¯γ−γiθ)(θ¯γ−γjkθ) > . Since tr(γiγjγk) = ǫijk and < (θθ)(θθ) > ∼ ln ε we
get ∂µHµi+ = ǫijkH˜jk+, which is the l.c. gauge (Hµν− = 0, H˜µν− = 0) version of the
well-known equation [2] ∂µHµνρ ∝ ǫνρλ1λ2λ3H˜λ1λ2λ3 ‘mixing’ the two 2-form tensors in the
presence of the 5-form background.
This consequence of the non-vanishing RR background is also directly related to the
presence of only one set of SO(6) gauge vectors among the marginal perturbations. This
is, of course, consistent with the supergravity spectrum of KK compactification on S5
but is different from what one would naively expect on the basis of analogy with the
WZW model.15 The reason lies in the chirality of the string action (3.12),(4.12) in the
fermionic sector. The latter implies the existence of only one marginal SO(6) vertex
operator associated with the super-extension of conserved currents of S5 σ-model: in
contrast to the group space case, the coset space S5 has only one copy of SO(6) as an
isometry, with the marginality of the corresponding vertex depending on the non-zero
RR 5-form background.16
Further progress in unraveling the properties of this string theory obviously depends
on understanding how to fix a suitable κ-symmetry gauge which will lead to a substanial
simplification of the action. To be able to define the corresponding 2d conformal field
theory one may need also to identify the proper variables in which the world-sheet
description may become more transparent. These are expected to be related to the
conserved (super)currents. In the case of a bosonic σ-model defined on a coset space
(e.g., AdS5) the conserved currents J pi = kpaeai , J pqi = kpqa eai are constructed in terms
of the vielbeins (projected to the world sheet) eai and the Killing vectors k
p
µ, k
pq
µ =
−kqpµ (∇(µkpν) = 0, ∇(µkpqν) = 0) which generate translations and rotations (see in this
connection [35, 36]). The currents are conserved but not chiral in general. We expect
that the corresponding supercurrents constructed using also Killing spinors should play
an important role in the 2d theory defined by (3.12).
In conclusion, let us mention that an approach similar to the one described in this
paper can be used to construct actions of the IIB superstring on AdS3 × S3 × T 4 space
or of the D = 11 membrane on AdS4 × S7. In the former case there are two possible
choices for a WZ term leading to the (1/2 supersymmetric) actions corresponding to the
cases of non-trivial NS-NS or RR 2-form field backgrounds.
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Appendix A Coset superspace parametrisation and
some general relations
In the parametrisation G(x, θ) = g(x)g(θ) (4.1) of an element of SU(2, 2|4)/[SO(4, 1)⊗
SO(5)] g(x) represents the bosonic coset [SO(4, 2) ⊗ SO(6)]/[SO(4, 1) ⊗ SO(5)] and
defines
g−1dg = eaˆPaˆ +
1
2
ωaˆbˆJaˆbˆ (A.1)
the 5-beins eaˆ = (ea, ea
′
) and Lorentz connections ωaˆbˆ = (ωab, ωa
′b′) of AdS5 ⊗ S5 (here
Jaˆbˆ ≡ (Jab, Ja′b′), i.e. ωaˆbˆ and Ωaˆbˆ below do not contain ‘cross-terms’). They satisfy the
standard (zero torsion, constant curvature) relations
dea + ωab ∧ eb = 0 , dea′ + ωa′b′ ∧ eb′ = 0 , (A.2)
dωab + ωac ∧ ωcb = −ea ∧ eb , dωa′b′ + ωa′c′ ∧ ωc′b′ = ea′ ∧ eb′ . (A.3)
On the odd part of the superspace it is useful to introduce the following Cartan forms
g−1dg = ΩaˆPaˆ +
1
2
ΩaˆbˆJaˆbˆ + Ω
IQI , g = g(θ) , (A.4)
where, by definition,
Ωaˆ = dθIΩaˆI , Ω
aˆbˆ = dθIΩaˆbˆI , Ω
I = dθJΩIJ . (A.5)
For the exponential parametrization g =exp(θIQI) the Cartan superconnections satisfy
the following constraints
θIΩaˆI = 0 , θ
IΩaˆbˆI = 0 , θ
JΩIJ = θ
I . (A.6)
It is easy to prove that
G−1dG = e−θQDeθQ , G(x, θ) = g(x)g(θ) = g(x)eθQ , (A.7)
where the covariant differential is given by
D = d+ eaˆPaˆ +
1
2
ωaˆbˆJaˆbˆ , D
2 = 0 . (A.8)
Eq. (A.7) can be re-written as follows
G−1dG = (eaˆ + Ωaˆcov)Paˆ +
1
2
(ωaˆbˆ + Ωaˆbˆcov)Jaˆbˆ + Ω
I
covQI , (A.9)
where ΩAcov are obtained from Ω
A by the replacement d→ D:
Ωaˆcov = Dθ
IΩaˆI , Ω
aˆbˆ
cov = Dθ
IΩaˆbˆI , Ω
I
cov = Dθ
JΩIJ . (A.10)
The explicit form of the covariant differential DθI ≡ DIJθJ
DIJ ≡ δIJ(d+ 1
4
ωaˆbˆγaˆbˆ)− 1
2
iǫIJeaˆγˆaˆ , DIJDJK = 0 , (A.11)
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was already given in (4.9). Comparing (A.9) with the defining relation (2.6), we get
the following representation for the Cartan 1-forms in terms of the 5-beins, Lorentz
connections and superconnections
Laˆ = eaˆ + Ωaˆcov , L
aˆbˆ = ωaˆbˆ + Ωaˆbˆcov , L
I = ΩIcov . (A.12)
To compute the Cartan 1-forms we are thus to calculate the Cartan superconnections
(A.5), make the covariantization (A.10) and then use the expressions (A.12).
Appendix B θ-expansion of superconnections and
1-forms
Making the rescaling θ → tθ we get the defining equation
e−tθQdetθQ = ΩaˆtPaˆ +
1
2
Ωaˆbˆt Jaˆbˆ + Ω
I
tQI . (B.1)
The forms ΩA we are interested in are given by ΩAt |t=1. Eq. (B.1) implies the following
differential equations
∂tΩ
a
t = −2iθ¯IγaΩIt , ∂tΩa
′
t = 2θ¯
Iγa
′
ΩIt , (B.2)
∂tΩ
ab
t = 2ǫ
IJ θ¯IγabΩJt , ∂tΩ
a′b′
t = −2ǫIJ θ¯Iγa
′b′ΩJt , (B.3)
∂tΩ
I
t = dθ
I − i
2
ǫIJγaθJΩat +
1
2
ǫIJγa
′
θJΩa
′
t +
1
4
γabθIΩabt +
1
4
γa
′b′θIΩa
′b′
t , (B.4)
with the initial conditions
Ωaˆt |t=0 = Ωaˆbˆt |t=0 = ΩIt |t=0 = 0 . (B.5)
According to (B.1), the power of θ in the expansion of ΩA coincides with that of t in the
expansion of ΩAt . Making use of (B.2),(B.4) and (B.5) we find
∂2tΩ
a
t |t=0 = −2iθ¯IγadθI , ∂2tΩa
′
t |t=0 = 2θ¯Iγa
′
dθI , (B.6)
∂2tΩ
ab
t |t=0 = 2ǫIJ θ¯IγabdθJ , ∂2tΩa
′b′
t |t=0 = −2ǫIJ θ¯Iγa
′b′dθJ , (B.7)
∂3tΩ
I
t |t=0 = ǫIJ(−γaθJ θ¯KγadθK + γa
′
θJ θ¯Kγa
′
dθK)
+
1
2
ǫKL(γabθI θ¯KγabdθL − γa′b′θI θ¯Kγa′b′dθL) ,
∂4tΩ
a
t |t=0 = 2iǫIJ(θ¯IθJ θ¯KγadθK − θ¯Iγaγa
′
θJ θ¯Kγa
′
dθK)
+ iǫKL(−θ¯IγabcθI θ¯KγbcdθL + θ¯Iγaγb′c′θI θ¯Kγb′c′dθL) ,
∂4tΩ
a′
t |t=0 = 2ǫIJ(θ¯IθJ θ¯Kγa
′
dθK − θ¯Iγaγa′θJ θ¯KγadθK)
+ ǫKL(−θ¯Iγa′b′c′θI θ¯Kγb′c′dθL + θ¯Iγa′γbcθI θ¯KγbcdθL) .
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From (A.12) and (B.6) we find leading terms in the θ-expansion of the Cartan 1-forms
La = ea − iθ¯IγaDθI + . . . , La′ = ea′ + θ¯Iγa′DθI + . . . , (B.8)
Lab = ωab + ǫIJ θ¯IγabDθJ + . . . , La
′b′ = ωa
′b′ − ǫIJ θ¯Iγa′b′DθJ + . . . , (B.9)
LI = DθI + . . . . (B.10)
Eq. (A.12) and the above expressions for ∂nt Ω
A
t |t=0 allow one to find the higher order
corrections to the Cartan 1-forms given in (4.5)–(4.7). These are used to calculate
higher-order terms in the string action.
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